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1. Introduction
The usual perturbative description of string theory as a theory of quantum strings
propagating in a fixed spacetime background fails miserably at the Planck scale, just when
string theory is supposed to be telling us something really interesting. It appears that the
proper description must be fundamentally different and does not involve either strings or
spacetime. Evidence for this, arising from calculations involving strings in various kinds of
extreme circumstances, is given by the existence of the Hagedorn transition [1], R→ 1/R
duality in spacetime [2], lattice formulations [3] and symmetries in high energy scattering
[4]. These few concrete calculations have served as precious guideposts in our attempts to
understand planckian string theory.
It is important to develop additional guideposts. One such potential guidepost is
the behavior of strings near a black hole horizon. This may also bear on the information
problem [5,6]. In the limit that the black hole becomes very large, its horizon approaches
that of the Rindler wedge, and one is led to the simpler problem of strings near the Rindler
horizon.
A complete understanding of strings in Rindler space has been elusive. This subject
has previously been considered in [7]. Ordinary quantum field theory in Rindler space is
defined by constructing annihilation and creation operators which are positive and negative
frequency with respect to Rindler time. Rindler time is proportional to the proper time
along a family of uniformly accelerating trajectories which fill the Rindler wedge, with
the proportionality constant equal to the acceleration. Of course the thermal Rindler
state at Rindler temperature T = 1/2π is equivalent to the Minkowski vacuum state
at T = 0 (restricted to the Rindler wedge), so many of its properties can be trivially
deduced, even for the case of string theory3. For example the energy density in this state
vanishes everywhere. The uniformly accelerated Rindler observer explains this as due to a
miraculous cancellation between the Casimir energy of the Rindler vacuum and the thermal
energy of the gas of excited strings. These both increase in equal but opposite manners
near the Rindler horizon, the former due to the proximity of the boundary, the latter due
to the blue-shifting of the local temperature.
It is much more non-trivial to understand Rindler strings at T 6= 1/2π (including
T = 0, the Rindler vacuum). In this case the cancellation will not occur, because the
thermal energy will change with the temperature but the vacuum energy will not. Since
the local temperature diverges as the inverse distance to the horizon, one may expect a
Hagedorn transition near the horizon [8]. However, this increasing temperature does not
in itself necessarily imply a Hagedorn transition because the size of the region in which
the local temperature exceeds the Hagedorn temperature is itself of order the string scale.
Thus a more careful analysis is required.
The general problem of Rindler strings at T 6= 1/2π has not been solved. Indeed it is
not clear that there is any consistent description. However for the special cases T = N/2π,
where N is an integer greater than zero, the partition function can be computed as a ZN
orbifold. This orbifold corresponds to a cone with deficit angle ǫ = 2π(N − 1)/N . We
shall see that tachyons appear (even for the superstring) with masses M2 = −2ǫ/π. This
3 Although questions involving uniformly accelerated observers in this state remain puzzling.
1
indeed signals the existence of a super-Hagedorn region near the horizon.
This same partition function also approximates the near-horizon behavior of a black
hole of arbitrary mass M immersed in a heat bath of temperature N times the Hawking
temperature TH = 1/8πM .
The appearance of tachyons and a super-Hagedorn region of course implies a break-
down of string perturbation theory. What we have learned is that ill-understood planckian
string physics – perhaps a genus-zero condensate[9]– is needed to describe physics near the
horizon.
It has been suggested [5,10] that the entanglement entropy of the quantum state
outside a black hole horizon can be computed in string theory as the derivative of the
partition function with respect to the deficit angle ǫ evaluated at ǫ = 0. It might seem
that this suggestion would be foiled by the genus-zero condensate which occurs for non-zero
ǫ. In fact we shall argue – using an analytic continuation of our results at discrete values
of ǫ – that this is not the case: the uncalculable genus-zero corrections to the partition
function come in at order ǫ2 and thus do not affect the entropy. This is perhaps to be
expected since other perturbative methods of computing the entropy would not require
consideration of strings on singular spaces.
In section 2 we compute the bosonic string partition function for Rindler strings
at T = N/2π. Section 3 contains the type II superstring in the RNS formalism and a
discussion of the genus-zero condensate and its effect on the calculation of the horizon
entropy. Section 4 describes the heterotic string.
Many of the results in sections 2 and 3 are contained in a previous paper of Dabholkar
[11]. This paper may be viewed as an extension of his work with some differences in the
discussion and perspective.
2. The Bosonic String
We are interested in describing strings propagating on Rindler space at finite temper-
ature. The thermodynamic partition function is obtained by performing the path integral
on the Euclidean continuation of this space. The metric on this space may be written in
the following form
ds2 = r2dθ2 + dr2 + d~x2 , (2.1)
where the imaginary time coordinate θ is periodically identified, with period β, the inverse
temperature.
This metric is the analytic continuation of a cosmic string metric
ds2 = −dt2 + r2dθ2 + dr2 + d~˜x2 , (2.2)
in which the x2 coordinate is continued to t = −ix2. The mass of the cosmic string
introduces a conical singularity at r = 0 with non-trivial deficit angle 2π − β. Quantum
field theory on cones has been studied in [12]. Strings propagating on spaces with cosmic
string type singularities have been previously considered in [11,13]. The cosmic string
continuation of (2.1) allows us to fix light-cone gauge, which will be helpful when we
consider the spectrum of the string theory.
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In the following we will be considering critical string theories obtained by orbifolding
flat space [14]. These models satisfy on-shell conformal invariance ( unlike the off-shell
prescription proposed in [6] to continue the the partition function to non-trivial β ). A
consequence of this will be that the genus-one partition functions we obtain may be written
as integrals of modular invariant expressions over the fundamental domain. Because the
UV region is excluded from these integrals, all our expressions will be UV finite. Unfor-
tunately, the only known modular invariant theories are ZN orbifolds of flat space, which
restricts the deficit angle to a discrete set of values 2π(1− 1/N).
Consider the critical closed bosonic string on the Euclidean orbifold R24×R2/ZN . It
is convenient to represent X1 and X2 as a complex coordinate, X = (X1 + iX2)/
√
2 and
X¯ = (X1 − iX2)/
√
2. The Hilbert space of the string states splits up into an untwisted
sector and a number of twisted sectors labeled by the integer k = 0, · · · , N − 1. The
boundary condition in the k’th twisted sector is then
X(σ + 1) = e2piik/NX(σ). (2.3)
This leads to the following mode expansion for the X field
X = δk,0x+
i
2
∑
n
αn+k/N
n+ k/N
e2ipi(n+k/N)σ +
i
2
∑
n
α˜n−k/N
n− k/N e
−2ipi(n−k/N)σ , (2.4)
in units where α′ = 1/2. The oscillators satisfy the commutation relations
[αm+k/N , α¯n−k/N ] = (m+ k/N)δm+n
[α˜m−k/N , ¯˜αn+k/N ] = (m− k/N)δm+n .
(2.5)
The twist in the boundary condition of the X field introduces a shift in the vacuum energy.
The contribution to the vacuum energy of X and X¯ is given by −1/2(η2− η+1/6), where
η = k/N . The other coordinates contribute a −11/12 to the vacuum energy, so the total
vacuum energy in the k’th twisted sector is −1/2(η2−η+2). Each twisted sector therefore
contains one set of tachyon states with M2 = 4(−η2 + η − 2).
In the untwisted sector, states are labeled by the continuous momenta p and p¯, together
with momenta in the directions transverse to the plane. Note that there is a projection
onto ZN invariant states, so the allowed combinations of p and p¯ are reduced by a factor
N . In the twisted sectors, the X field has no zero-mode, so states are built on the vacuum
state which has zero momentum in the X1 and X2 directions. This means that all states
in the twisted sectors may be interpreted as states localized near the tip of the cone, which
may only propagate in the transverse directions.
The orbifold partition function involves a sum over all the twisted sectors, together
with a projection onto ZN invariant states. This is achieved by summing over the N
2
contributions Zk,l where Zk,l is the partition function for a single complex boson on a
torus with twisted boundary conditions
X(σ1 + 1, σ2) = e
2piik/NX(σ1, σ2), X(σ1, σ2 + 1) = e
−2piil/NX(σ1, σ2) . (2.6)
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Here σ1, σ2 are coordinates with period 1 which parametrize the torus. The partition
functions Zk,l are then simply determinants of Laplacians on the torus, subject to the
above boundary conditions. These partition functions may be easily computed using the
oscillators defined in (2.4),
Zk,l =
∣∣∣∣∣
η
θ
[
1
2
+ k
N
1
2
+ l
N
]
∣∣∣∣∣
2
, (2.7)
for k and l not both zero. Here θ
[
α
β
]
is the theta function with characteristics α and β
[16]. The Z0,0 term involves zero modes which yield a factor proportional to the area of
the plane Ap. One then obtains
Z0,0 = Ap
Imτ |η2|2 . (2.8)
This term is modular invariant on its own. The other Zk,l mix under modular transfor-
mations.
The final partition function is then
ZN = 1
N
1
|η2η¯2Imτ |11
N−1∑
k,l=0
Zk,l , (2.9)
and the genus one amplitude is
AN = VT
∫
F
d2τ
(Imτ)2
ZN , (2.10)
where F is the fundamental domain of the modular group and VT is the 24-dimensional
transverse volume. The free energy of strings in Rindler space at finite temperature is
related to this via
βF = −AN . (2.11)
Since each twisted sector contains a tachyon, the free energy (2.11) will diverge in the
infrared. The limit Imτ →∞ part of the integral in the k’th twisted sector looks like
−
∫ ∞ dτ2
τ22
e−piM
2
kτ2/2
τ122
, (2.12)
where M2k is the mass squared of the tachyon in the k’th twisted sector. Thus the free
energy in these models is negative infinity.
The presense of tachyons in the twisted sectors is reminiscent of the appearance of
tachyonic winding states in string theory in flat space at finite temperature as the Hagedorn
temperature is approached [17]. Indeed the twisted sector states wind around the cone in
the euclidean time direction. They also lead to divergence of the thermodynamic partition
function and a breakdown of the canonical ensemble. In [9] it was argued that as the
4
temperature approaches the Hagedorn temperature, a first order phase transition should
occur with a large latent heat. At this phase transition a condensate of the winding modes
will form. This in turn leads to a genus-zero contribution to the free energy.
Exactly the same kind of argument will apply here, with the role of the winding modes
replaced by the tachyonic fields appearing in the twisted sectors. The infrared divergence
of (2.10) is a consequence of expanding around an unstable vacuum in the computation
of the free energy. The correct procedure is to give the winding modes expectation values
which lead to stable solutions, minimize the free energy. In general one might also expect
the dilaton and possibly other massless fields to acquire expectation values. The problem of
finding this non-trivial minimum, and describing the physics beyond this phase transition,
appears to require non-perturbative string physics and is at present intractable.
3. Type II Superstring
In this section, we consider the case of type II superstrings to verify that a similar
condensate forms in this case. In the following, we use the covariant Ramond-Neveu-
Schwarz formalism. These theories have previously been considered in [11] using the light–
cone Green–Schwarz formalism. In superconformal gauge, the worldsheet action for the
RNS string is
S = − 1
2π
∫
d2σ
(
∂αX
µ∂αXν − iψ¯µρα∂αψν
)
ηµν , (3.1)
where ψµ(σ) are Majorana–Weyl worldsheet spinors transforming as a spacetime vector,
i.e. in the same way asXµ(σ). As before, we combineX0 andX1 into a complex coordinate
X , and likewise combine ψ0 and ψ1 into a complex spinor ψ. To construct physical states
it is necessary to do a GSO projection, which leads to a sum over spin structures on the
worldsheet.
3.1. Theories without spacetime fermions
To begin with, we will ignore the level matching conditions which will lead to theories
with an infinite number of spacetime fermionic states. In the k’th twisted sector (k =
0, · · · , N − 1), the boundary conditions are
ψ(σ1 + 1, σ2) = e
2piik/Nψ(σ1, σ2)
ψ(σ1 + 1, σ2) = −e2piik/Nψ(σ1, σ2)
X(σ1 + 1, σ2) = e
2piik/NX(σ1, σ2)
(R)
(NS) (3.2)
where R refers to the Ramond sector, and NS refers to the Neveu–Schwarz sector. The
partition functions for the twisted fermions are easily computed [15], and lead to the
following modular invariant partition function for the orbifold
ZN = 1
4N
1
|η2η¯2Imτ |3
N−1∑
k,l=0
∑
α,β
∣∣∣∣∣
θ3
[
α
β
]
θ
[
α+ k
N
β+ l
N
]
θ
[
1
2
+ k
N
1
2
+ l
N
]
η3
∣∣∣∣∣
2
. (3.3)
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Here we are performing a diagonal sum over spin structures, labeled by α, β = 0, 1/2. This
corresponds to projecting onto states with (−1)F = +1 in the (NS,NS) sector, where F
is the sum of the fermion numbers of the left and right movers. In the (R,R) sector the
projection is also onto states with (−1)F = +1. The k = l = 0 term should be interpreted
as in (2.8).
In the usual type II string there is a separate GSO projection for left and right movers
which leads to spacetime fermions in the (R,NS) and (NS,R) sectors. However, here these
sectors are absent and these models therefore contain only spacetime bosons. The NS
ground state is not projected out, so tachyons are present both in the untwisted and
twisted sectors, with M2 = 4(−1 + k/N). Note that in the Ramond sector, states could
alternatively be projected onto (−1)F = −1 which would lead to the same partition func-
tion, but a different spectrum. The theories with N = 1 have been considered previously
by Seiberg and Witten [18]. Using the Riemann theta identity [16] it may be shown that
(3.3) agrees with [11] (equation (2.21) for N even, and equation (2.22) for N odd).
3.2. Theories with spacetime fermions
To obtain consistent theories with spacetime fermions some care is required. The
action of the discrete group ZN on the worldsheet fields must be chosen in such a way
that there is level matching between the right moving NS sector and the left moving R
sector (and vice versa), to ensure an infinite number of fermionic states appear in the
spectrum. In addition, the GSO projection must be chosen in a manner consistent with
modular invariance. It should be noted that any theory with non-trivial deficit angle will
necessarily break spacetime supersymmetry.
Let us consider the contributions to the partition function coming from the worldsheet
fermion determinants in the (R,NS) sector. Inserting the GSO projection, this corresponds
to 1
4
Tr(1+(−1)FL)(1−(−1)FR)qHL q¯HR where the left-moving states are Ramond fermions
twisted by h ∈ ZN , and the right-moving states are Neveu-Schwarz fermions twisted by
h. HL (HR) denotes the left-(right-)moving hamiltonian for the fermions, and FL (FR)
denotes the left-(right-)moving worldsheet fermion number. Because hN = 1, the boundary
conditions on the fermions are unchanged under a modular transformation τ → τ + N ,
so the trace should not pick up a phase. This will be true, provided that for an arbitrary
state which is invariant under the GSO projections,
N(EL − ER) = 0 mod 1. (3.4)
We take the action of the group element h on the fermions to be
ψ(σ1 + 1, σ2) = e
2piis/Nψ(σ1, σ2)
ψ(σ1 + 1, σ2) = −e2piis/Nψ(σ1, σ2)
(R)
(NS) .
(3.5)
The energies of the states are then
E = 12 (
s
N
)2 − 12(
s
N
) +
1
3
+m1 +m2
s
N
E = 12 (
s
N
)2 − 1
6
+ n1(
1
2 −
s
N
) + n2
s
N
+ n3
(R)
(NS)
(3.6)
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where mi and ni are integers. The GSO projections impose additional restrictions on these
integers. It is sufficient to impose the condition (3.4) on the lowest energy states of the
left and right sectors, which correspond to m1 = m2 = 0 in the R sector and n1 = 1,
n2 = n3 = 0 in the NS sector. This leads to the condition
4 that s is even. We take
s = 2. (3.7)
Other non-zero values lead to equivalent theories.
The necessity of taking s = 2 (or even) arises because of the presence of spacetime
fermions. In a theory with spacetime fermions, a 2π rotation is not trivial, so one cannot
construct a ZN orbifold with a group action whose N ’th power is a 2π rotation. Rather
one needs a group action whose N ’th power is a 4π rotation. This is accomplished by
setting s = 2 in (3.5).
The boundary conditions in the k’th twisted sector are then
ψ(σ1 + 1, σ2) = e
4piik/Nψ(σ1, σ2)
ψ(σ1 + 1, σ2) = −e4piik/Nψ(σ1, σ2)
X(σ1 + 1, σ2) = e
4piik/NX(σ1, σ2) .
(R)
(NS) (3.8)
The usual GSO projection gives the following modular invariant partition function
ZN = 1
4N
1
|η2η¯2Imτ |3
N−1∑
k,l=0
∑
α,β
γ,δ
ωα,β(k, l)ω¯γ,δ(k, l)
θ3
[
α
β
]
θ
[
α+ 2k
N
β+ 2l
N
]
θ¯3
[
γ
δ
]
θ¯
[
γ+ 2k
N
δ+ 2l
N
]
∣∣∣θ
[
1
2
+ 2k
N
1
2
+ 2l
N
]
η3
∣∣∣2
. (3.9)
The sum over spin structures corresponds to the sum over α, · · · , δ = 0, 1
2
. The coefficients
ωαβ(k, l) are ω1/2,1/2 = ±e−2piik/N , ω1/2,0 = −1, ω0,0 = 1 and ω0,1/2 = −e−2piik/N . The
e−2piik/N factors arise from the action of (−1)F on the vacua in the Neveu-Schwarz and
Ramond sectors.
For N odd, this partition function has an interpretation as a string theory living
on a cone with deficit angle 2π(1 − 1/N). To see this we use the simple transformation
properties of (3.9)under shifts of 2k and 2l by N , and reorganize the sums over twisted
sectors replacing 2k and 2l by k and l. This yields a partition function whose bosonic
contribution is exactly the same as in the bosonic partition function (2.9) :
ZN = 1
4N
1
|η2η¯2Imτ |3
N−1∑
k,l=0
∑
α,β
γ,δ
ω′α,β(k, l)ω¯
′
γ,δ(k, l)
θ3
[
α
β
]
θ
[
α+ k
N
β+ l
N
]
θ¯3
[
γ
δ
]
θ¯
[
γ+ k
N
δ+ l
N
]
∣∣∣θ
[
1
2
+ k
N
1
2
+ l
N
]
η3
∣∣∣2
. (3.10)
Here we define ω′αβ(k, l) = ωαβ(k/2, l)e
2pii(αl−βk). Using the Riemann theta identity [16]
it may be shown that (3.10) agrees with that calculated in [11] (equation (2.20)).
4 This condition may be relaxed if we change the GSO projection so that it mixes with the
projection onto ZN invariant states, as we see later in this section.
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To obtain a theory with a thermodynamic interpretation, spacetime fermions should
be periodic around the tip of the cone. This is analogous to demanding that spacetime
fermions be antiperiodic around the cylinder, as in the usual flat space finite temperature
calculations. In that case, care must be taken in defining the GSO projection to ensure
that fermions have the correct properties [9]. It turns out that the fermions described by
the above orbifold are indeed periodic around the cone, so no additional signs need to be
introduced into (3.10) to obtain a thermodynamic partition function.
This model contains fermionic and bosonic states in the left and right-moving sectors.
In the twisted sectors, the projection onto ZN invariant states eliminates all fermions. In
the untwisted sector, fermionic states with zero momentum in the X1 and X2 directions are
eliminated by the ZN projection, but non-zero momentum states survive. In each twisted
sector, a tachyon is present. When k is odd, these correspond to the ground state of the
(NS,NS) sector with M2 = 4(−1 + k/N), which is not projected out in this case. When k
is even, the NS ground state is projected out and the states
ψ−1/2+k/N
¯˜
ψ−1/2+k/N |0; 0〉 (3.11)
are tachyonic with M2 = −4k/N . No tachyons are present in the untwisted sector. For
N = 1, this partition function reproduces that of the usual flat space type II string.
For N = 2N ′, with N ′ odd or even, (3.3) similarly has an interpretation as a string
theory on a cone – this time with deficit angle 2π(1− 1/N ′). However, it turns out these
partition functions are identical to the theories discussed in the previous subsection, and
all spacetime fermions are projected out.
Finally, the free energy at genus one is given by
βFN = −VT
∫
F
d2τ
(Imτ)2
ZN , (3.12)
where ZN is one of the type II string partition functions discussed above. As for the
bosonic string, the free energy will be negative infinity due to the infrared divergence from
the tachyons present in the twisted sectors. This should be dealt with by giving these
fields expectation values, leading to a genus-zero contribution to the free energy.
Note that in the theory with N odd, (3.10), the leading infrared divergence arises from
the sectors with k = 1 and k = N − 1, which contain tachyonic states with M2 = 4(−1 +
1/N). It is natural to presume that this leading divergence is the same for superstrings
propagating on cones of arbitrary deficit angle. A consistency check on this is that in the
limit N → 1 one regains the usual supersymmetric flat space theory. Hence we assume that
analogs of these states are present for arbitrary (non-integral)N , and that the mass formula
may therefore be analytically continued in N . As N → 1, these states become massless,
consistent with the fact that the N = 1 orbifold is just the usual type II superstring.
In the limit N → 1, it is possible to use effective field theory methods as in [9] to
make the arguments concerning the formation of the condensate more precise. The effective
potential for the two most tachyonic twisted sector fields, denoted φ and φ∗ is
V = 4(
1
N
− 1)φφ∗ + gu(φφ∗)2 + · · · (3.13)
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which should be valid when the fields are sufficiently small. Here g is the closed string
coupling constant and u is a constant. This effective potential may then be minimized for
N > 1 by having φ jump to non-zero expectation values of order (N − 1)/g, leading to a
phase transition and a genus-zero contribution to the free energy. Unfortunately the non-
trivial minimum can not be found in perturbation theory, and a more detailed description
of this phase transition has not been obtained.
The entropy is related to the free energy by
S = β2
∂F
∂β
= −2π ∂F
∂N
. (3.14)
Since, in general, one expects 〈φ〉 → 0 as N approaches 1, the genus-zero condensate
contribution to the free energy should approach zero faster than (N − 1) as indicated by
(3.13). It follows from (3.14) that the genus-zero condensate contribution to the entropy
at N = 1 will vanish. Thus the details of the physics of this strong coupling condensate
are irrelevant to the calculation of the genus-zero entropy.
There is an important caveat to the foregoing discussion. We have described a second
order phase transition at ǫ = 0. However corrections of various kinds could easily perturb
this to a first order phase transition, which might bear on the entropy calculation. Indeed
in [9] it was suggested that couplings to the string dilaton alter the naively second order
phase transition at the Hagedorn temperature to a first order transition at a lower critical
temperature. A naive translation of this suggestion to the present context leads to the
nonsensical conclusion that a condensate forms at deficit angles greater than some critical
value ǫcrit < 0, and is therefore present even in flat space! While this seems unlikely, a
better understanding of the phase transition could certainly alter our conclusion that the
condensate does not enter in to the genus-zero entropy calculation.
4. Heterotic string
Now we consider ZN orbifolds of heterotic string theories with single conical singular-
ities. In this case no non-trivial models exist for arbitrary N unless the conical singularity
is accompanied by a Wilson line breaking the symmetry of the internal gauge group, or
some additional twist of the spacetime modes.
We will work with the E8 ×E8 version of the heterotic string with a fermionic repre-
sentation of the gauge degrees of freedom. In superconformal gauge, the worldsheet action
is then
S = − 1
2π
∫
d2σ
(
(∂αX
µ)2 − iψµρ−∂−ψµ − iλiρ+∂+λi − iλ˜iρ+∂+λ˜i
)
, (4.1)
where µ = 0, · · · , 9, and i = 1, · · · , 16. The right-moving sector is that of the usual RNS
string. The left-moving sector consists of the ten bosonic degrees of freedom plus the two
groups of sixteen fermions which generate the E8 × E8 current algebra. To remove the
tachyon, the usual GSO projection is performed for the right-moving RNS fermions. To
correctly generate the E8 × E8 current algebra a GSO–like projection must be performed
on the left-moving fermions, which removes states with an odd number of λi and an
odd number of λ˜i oscillators. The states then divide up into explicit representations of
SO(16)× SO(16).
We are interested in orbifolding this theory by ZN . If we work in light-cone gauge,
the symmetry group of the theory contains K = O(8)×O(16)×O(16), and an element of
K acts on the worldsheet fields as
h · (X,ψ, λ, λ˜) = (θX, θψ, θ1λ, θ2λ˜) . (4.2)
In fact, at the genus-one, we should take an eight-fold cover of K corresponding to the
action of h on the different spin structures of the fermions. If h lies in a ZN subgroup of
K, we may write
θ = (e2piir1/N , · · · , e2piir4/N , · · · c.c.)
θ1 = (e
2piip1/N , · · · , e2piip8/N , · · · c.c.)
θ2 = (e
2piiq1/N , · · · , e2piiq8/N , · · · c.c.)
(4.3)
where the ri, pi and qi are integers. As shown by Vafa [19], a necessary condition for
modular invariance of the resulting orbifold is that
4∑
1
(ri)
2 =
8∑
1
(pi)
2 + (qi)
2 mod N , (4.4)
when N is odd, and
4∑
1
(ri)
2 =
8∑
1
(pi)
2 + (qi)
2 mod 2N
4∑
1
ri =
8∑
1
pi =
8∑
1
qi = 0 mod 2 ,
(4.5)
when N is even.
It is easy to see that if we wish to construct orbifolds with deficit angles 2π(1− 1/N),
we cannot satisfy the above conditions unless h also has non-trivial action on either the
λi, λ˜i, or the transverse X i and ψi. Here we consider the case r1 = p1 = 1, with all other
r, p and q zero, which satisfies the above conditions when N is odd. This corresponds to
embedding the spin connection in the first E8 gauge group, and will lead to an orbifold
with an interpretation as a cosmic string with a Wilson line attached.
The partition function of this theory is
ZN = 1
8N
1
|η2η¯2Imτ |3
N−1∑
k,l=0
∑
α,β
γ,δ
κ,λ
ω′αβ(k, l)ρ¯γ,δ(k, l)ρ¯κ,λ(0, 0)
×
θ3
[
α
β
]
θ
[
α+ k
N
β+ l
N
]
θ¯7
[
γ
δ
]
θ¯
[
γ+ k
N
δ+ l
N
]
θ¯8
[
κ
λ
]
∣∣∣θ
[
1
2
+ k
N
1
2
+ l
N
]∣∣∣2η3η¯15
,
(4.6)
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where ω′(k, l) is as defined below (3.10), and ρ¯(k, l) are ρ¯1/2,1/2 = ±eipik/N (−1)k+l, ρ¯1/2,0 =
(−1)l, ρ¯0,0 = 1, and ρ¯0,1/2 = eipik/N (−1)k. The sums over α, · · · , λ = 0, 1/2 correspond to
the sum over spin structures. The genus-one free energy is then
βF = −VT
∫
F
d2τ
(Imτ)2
ZN . (4.7)
This theory contains tachyons in each of the twisted sectors, localized near the tip of
the cone. When k is odd, the ground state of the NS sector is not projected out, and the
GSO-like projection on the left-moving fermions removes states with an even number of
the λi or λ˜i. The physical states
λi
−1/2|0; 0〉 , λ˜i−1/2|0; 0〉 , λ¯i−1/2|0; 0〉 , ¯˜λ
i
−1/2|0; 0〉 , (4.8)
(i = 2, · · · , 8) are tachyonic with M2 = 4(−1 + k/N). When k is even, the tachyonic
physical state is
ψ−1/2+k/N ¯˜α−1+k/N |0; 0〉 , (4.9)
with M2 = −4k/N . The untwisted sector contains the usual spectrum of the E8 × E8
heterotic string in flat space, projected onto ZN invariant states. The qualitative conclusion
that a condensate of these states will form, leading to a genus-zero contribution to the free
energy, is the same as in the bosonic and type II superstring cases.
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